INTRODUCTION
Since the discovery of the fullerenes in 1985 by Kroto et al. 1 the fullerenes have been the object of interest of scientists all over the world. A planar graph is graph which can be drawn in the plane such that the edges do not cross. A fullerene graph is a planar 3-regular graph with only pentagonal and hexagonal faces. An IPR fullerene is a fullerene in which no two pentagons share an edge. From Euler's theorem, it is straightforward to show that a fullerene molecule with n carbon atoms, C n , has exactly 12 pentagons and n/2 − 10 hexagons. [2] [3] [4] In this paper, the word graph refers to a finite, undirected graph without loops and multiple edges. Let G be a graph and v 1 v n be the set of all vertices of G. The adjacency matrix of G is a 0-1 matrix A G = a ij , where a ij is the number of edges connecting v i and v j . A walk in a graph is a sequence of vertices such that any two consecutive vertices are adjacent. A closed walk is a walk in which the first and the last vertex are the same. The spectrum of a graph G is the set of eigenvalues of A G , together with their multiplicities. A graph of order n has exactly n real eigenvalues 1 ≤ 2 · · · ≤ n . The basic properties of graph eigenvalues can be found in a highly-cited monograph by Cvetković, Doob and Sachs. 5 The Estrada index EE(G) of the graph G is defined as the sum of e i , 1 ≤ i ≤ n. By Taylor's theorem, it can also be represented in terms of series of spectral moments
In the last ten years, the Estrada index found applications in measuring the degree * Author to whom correspondence should be addressed.
of protein folding, 6-8 the centrality of complex networks 9 (such as neural, social, metabolic, protein-protein interaction networks, and the World Wide Web), and it was also proposed as a measure of molecular branching, accounting for the effects of all atoms in the molecule, giving higher weight to the nearest neighbors. 10 Within groups of isomers, EE was found to increase with the increasing extent of branching of the carbon-atom skeleton.
11 Also, EE characterizes the structure of alkanes via electronic partition function. 12 Some mathematical properties of the Estrada index and its basic computational techniques were reported in Refs. [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] .
MAIN RESULTS AND DISCUSSION
Suppose C n is an arbitrary fullerene graph with n vertices. In this section, we apply formulas for the spectral moments From above theorem, the number of closed walks of length k in G is then equal to Tr A k = n i=1 k i . Let A n be adjacency matrix of C n and let 1 2 n be the eigenvalues of A n . Since a fullerene does not contain triangles, Tr A n = Tr A been determined both in Refs. [24 and 25] , and are given in the following table:
Number 
i . By Lagrange's multiplier method, the maximum of F under the boundary condition
The proof now follows from the last inequality, formulas for the numbers of closed walks in fullerenes for k ≤ 7 and Taylor's Theorem.
From above, 3 2549557n < EE C n −7/6 < 3 2945171n holds for any n-vertex fullerene, i.e., the value of EE C n belongs to an interval of length 0 0395614n. Balasubramanian 26 computed the Laplacian eigenvalues of some small fullerenes. In Table I , we use these calculations to compute the Estrada index of one member of each isomer classes of C 20 , C 24 , C 26 , C 30 , C 36 , C 40 fullerenes. We notice that in real fullerenes the number of carbon atoms will be at most 500 and our bounds for such fullerenes are reasonable. In Figure 1 , a diagram for the Estrada index and also our bounds according to the number of carbon atoms are depicted. The diagram shows that the bound for real fullerenes is very good. In Table I , the values of column EE * is related to our upper bounds for the Estrada index. From above, 3 2713773n < EE C n − 1 1677941 < 3 2714043n holds for any n-vertex IPR fullerene, i.e., the value of EE(C n belongs to an interval of length 0 0000270n, which is remarkably strong approximation.
Following Cvetković and Stevanović 21 if C n has isolated pentagons then the distance of the vertex j to the nearest pentagons called the penta-distance of j. Let P s be the set of vertices at the distance s from the nearest pentagon and t be the largest penta-distance of a vertex. The vertex set is then partitioned into subsets P 0 P 1 P t . Since the pentagons are disjoint, P 0 = 60. The largest k for which P k = 60 k/2 + 60 is called the width of the fullerene under consideration. For IPR fullerenes with larger widths, the above bounds may be further improved. 
